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Abstract In this paper, we complement the result of Zhu
and Chang (J Ineq Appl 2013:146, 2013) by proving strong
convergence theorems for approximation of a fixed point of
a left Bregman strongly relatively nonexpansive mapping
which is also a solution to a finite system of equilibrium
problems in the framework of reflexive real Banach spaces
using the Halpern–Mann’s iterations used in Zhu and
Chang (J Ineq Appl 2013:146, 2013). We also discuss the
approximation of a common fixed point of a family of left
Bregman strongly nonexpansive mappings which is also
solution to a finite system of equilibrium problems in
reflexive real Banach spaces. Our results complement
many known recent results in the literature.
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Introduction
In this paper, let C be a nonempty, closed and convex
subset of a real reflexive Banach space E with the dual
space E*. The norm and the dual pair between E and E* are
denoted by ||.|| and h:; :i, respectively. Let T : C ! C be a
nonlinear mapping. Denote by FðTÞ :¼ fx 2 C : Tx ¼ xg
the set of fixed points of T. A mapping T is said to be
nonexpansive if jjTx Tyjj  jjx yjj; 8x; y 2 C:
In 1994, Blum and Oettli [8] firstly studied the equi-
librium problem: finding x 2 C such that
gðx; yÞ 0; 8y 2 C; ð1Þ
where g : C  C ! R is a functional. Denote the set of
solutions of the problem (1) by EP(g). Since then, various
equilibrium problems have been investigated. It is well
known that equilibrium problems and their generalizations
have been important tools for solving problems arising in
the fields of linear or nonlinear programming, variational
inequalities, complementary problems, optimization
problems, fixed-point problems and have been widely
applied to physics, structural analysis, management sci-
ence and economics etc (see, for example [8, 26, 27]).
One of the most important and interesting topics in the
theory of equilibria is to develop efficient and imple-
mentable algorithms for solving equilibrium problems and
their generalizations (see, e.g., [8, 26, 27, 47] and the
references therein). Since the equilibrium problems have
very close connections with both the fixed-point problems
and the variational inequalities problems, finding the
common elements of these problems has drawn many
people’s attention and has become one of the hot topics in
the related fields in the past few years (see, e.g., [7, 17,
21, 29, 30, 31, 39, 42, 43, 44, 48] and the references
therein).
In 1967, Bregman [11] discovered an elegant and
effective technique for using of the so-called Bregman
distance function Df (see ‘‘Preliminaries’’, Definition 2.1)
in the process of designing and analyzing feasibility and
optimization algorithms. This opened a growing area of
research in which Bregman’s technique has been applied in
various ways to design and analyze not only iterative
algorithms for solving feasibility and optimization
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problems, but also algorithms for solving variational
inequalities, for approximating equilibria, for computing
fixed points of nonlinear mappings and so on (see, e.g., [3,
17, 41, 42, 43] and the references therein). In 2005, But-
nariu and Resmerita [12] presented Bregman-type iterative
algorithms and studied the convergence of the Bregman-
type iterative method of solving some nonlinear operator
equations.
Recently, using the Bregman projection, Reich and Sa-
bach [35] presented the following algorithms for finding
common zeroes of maximal monotone operators Ai : E !
2E

; ði ¼ 1; 2; . . .;NÞ in a reflexive Banach space
E, respectively:
x0 2 E;
yin ¼ Resfkinðxn þ e
i
nÞ;
Cin ¼ fz 2 E : Df ðz; yinÞDf ðz; xn þ einÞg;
Cn ¼ \Ni¼1Cin;
Qn ¼ fz 2 E : hrf ðx0Þ  rf ðxnÞ; z xni 0g;













gin ¼ nin þ
1
kin
ðrf ðyinÞ  rf ðxnÞÞ; nin 2 Aiyin;
xin ¼ rf ðkingin þrf ðxnÞÞ;
Cin ¼ fz 2 E : Df ðz; yinÞDf ðz; xn þ einÞg;
Cn ¼ \Ni¼1Cin;
Qn ¼ fz 2 E : hrf ðx0Þ  rf ðxnÞ; z xni 0g;














where fkingNi¼1  ð0;þ1Þ; feingNi¼1 is an error sequence
in E with ein ! 0 and, projCf is the Bregman projection
with respect to f from E onto a closed and convex
subset C. Further, under some suitable conditions, they
obtained two strong convergence theorems of maximal
monotone operators in a reflexive Banach space. Reich
and Sabach [36] also studied the convergence of two
iterative algorithms for finitely many Bregman strongly
nonexpansive operators in a Banach space. In [37],
Reich and Sabach proposed the following algorithms
for finding common fixed points of finitely many
Bregman firmly nonexpansive operators Ti : C !
C ði ¼ 1; 2; . . .;NÞ in a reflexive Banach space E if
\i=1N F(Ti) = ; :
x0 2 E;
Qi0 ¼ E; i ¼ 1; 2; . . .;N;
yin ¼ Tiðxn þ einÞ;
Qinþ1 ¼ fz 2 Qin : hrf ðxn þ einÞ  rf ðyinÞ; z yini 0g;
Cn ¼ \Ni¼1Cin;









Under some suitable conditions, they proved that the
sequence {xn} generated by (4) converges strongly to \i=1N
F(Ti) and applied the result to the solution of convex fea-
sibility and equilibrium problems.
In 2011, Chen et al. [18] introduced the concept of weak
Bregman relatively nonexpansive mappings in a reflexive
Banach space and gave an example to illustrate the exis-
tence of a weak Bregman relatively nonexpansive mapping
and the difference between a weak Bregman relatively
nonexpansive mapping and a Bregman relatively nonex-
pansive mapping. They also proved the strong convergence
of the sequences generated by the constructed algorithms
with errors for finding a fixed point of weak Bregman
relatively nonexpansive mappings and Bregman relatively
nonexpansive mappings under some suitable conditions.
Recently, Suantai et al. [40] considered strong conver-
gence results for Bregman strongly nonexpansive map-
pings in reflexive Banach spaces by Halpern’s iteration.In
particular, they proved the following theorem.
Theorem 1.1 Let E be a real reflexive Banach space and
f : E ! R a strongly coercive Legendre function which is
bounded, uniformly Fre´chet differentiable and totally
convex on bounded subsets of E. Let T be a Bregman
strongly nonexpansive mapping on E such that FðTÞ ¼
bFðTÞ 6¼ ; Suppose that u 2 E and define the sequence {xn}
as follows: x1 2 E and
xnþ1 ¼ rf ðanrf ðuÞ þ ð1 anÞrf ðTxnÞÞ; n 1; ð5Þ
where fang  ð0; 1Þ satisfying lim
n!1an ¼ 0 and
P1
n¼1 an ¼
1: Then {xn} converges strongly to PCf (u), where PF(T)f is
the Bregman projection of E onto F(T).
Furthermore, using the Theorem 1.1, Suantai et al. [40]
obtained some convergence theorems for a family of
Bregman strongly nonexpansive mappings and gave some
applications concerning the problems of finding zeroes of
maximal monotone operators and equilibrium problems.
Very recently, Zhu and Chang [49] considered strong
convergence results for Bregman strongly nonexpansive
mappings in reflexive Banach spaces by modifying Halpern
and Mann’s iterations. Furthermore, they gave some
applications concerning the problems of finding zeros of
maximal monotone operators and equilibrium problems. In
particular, they proved the following theorem.
Theorem 1.2 Let E be a real reflexive Banach space and
f : E ! R a strongly coercive Legendre function which is
bounded, uniformly Fre´chet differentiable and totally
convex on bounded subsets of E. Let T be a Bregman
strongly nonexpansive mapping on E such that FðTÞ ¼
bFðTÞ 6¼ ;: Suppose that u 2 E and define the sequence
{xn} as follows: x1 2 E and
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where {an} and {bn} are sequences in (0,1) satisfying
ðC1Þ lim





ðC3Þ 0\ lim inf
n!1 bn lim supn!1 bn\1:
Then {xn} converges strongly to PF(T)
f (u), where PF(T)
f is
the Bregman projection of E onto F(T).
Motivated by the results of Suantai et al. [40] and Zhu and
Chang [49], the purpose of this paper is to prove strong
convergence theorems for approximation of a fixed point of a
left Bregman strongly relatively nonexpansive mapping
which is also a solution to a finite system of equilibrium
problems in the framework of reflexive real Banach spaces.
We also discuss the approximation of a common fixed point
of a family of left Bregman strongly nonexpansive mappings
which is also solution to a finite system of equilibrium
problems in reflexive real Banach spaces. Our results com-
plement many known recent results in the literature.
Preliminaries
In this section, we present the basic notions and facts that
are needed in the sequel. The norms of E and E*, its dual
space, are denoted by ||.|| and ||.||*, respectively. The pairing
hn; xi is defined by the action of n 2 E at x 2 E; that is,
hn; xi :¼ nðxÞ: The domain of a convex function f : E ! R
is defined to be
dom f :¼ fx 2 E : f ðxÞ\þ1g:
When dom f = ;; we say that f is proper. The Fenchel
conjugate function of f is the convex function f  : E ! R
defined by
f ðnÞ ¼ supfhn; xi  f ðxÞ : x 2 Eg:
It is not difficult to check that when f is proper and lower
semicontinuous, so is f*. The function f is said to be cofinite
if dom f* = E*.
Let x 2 int dom f ; that is, let x belong to the interior of
the domain of the convex function f : E! ð1;þ1	:
For any y 2 E; we define the directional derivative of f at
x by
f oðx; yÞ :¼ lim
t!0þ
f ðxþ tyÞ  f ðxÞ
t
: ð7Þ
If the limit as t! 0þ in (7) exists for each y, then the
function f is said to be Gaˆteaux differentiable at x. In this
case, the gradient of f at x is the linear function
rf (x), which is defined by hrf ðxÞ; yi :¼ f oðx; yÞ for all
y 2 E [19, Definition 1.3, page 3]. The function f is said to
be Gaˆteaux differentiable if it is Gaˆteaux differentiable at
each x 2 int dom f : When the limit as t! 0 in (7) is
attained uniformly for any y 2 E with ||y|| = 1, we say that
f is Fre´chet differentiable at x. Throughout this paper, f :
E! ð1;þ1	 is always an admissible function, that is, a
proper, lower semicontinuous, convex and Gaˆteaux dif-
ferentiable function. Under these conditions, we know that
f is continuous in int dom f (see [3], Fact 2.3, page 619).
The function f is said to be Legendre if it satisfies the
following two conditions.
– (L1) int dom f = ; and the subdifferential qf are
single-valued on its domain.
– (L2) int dom f* = ; and qf* are single-valued on its
domain.
The class of Legendre functions in infinite-dimensional
Banach spaces was first introduced and studied by
Bauschke, Borwein and Combettes in [3]. Their defini-
tion is equivalent to conditions (L1) and (L2) because
the space E is assumed to be reflexive (see [3],
Theorems 5.4 and 5.6, page 634). It is well known that
in reflexive spaces rf = (rf*)-1 (see [9], page 83).
When this fact is combined with conditions (L1) and
(L2), we obtain
ranrf ¼ domrf  ¼ int dom f  and ranrf  ¼ domrf
¼ int dom f :
It also follows that f is Legendre if and only if f* is
Legendre (see [3], Corollary 5.5, page 634) and that the
functions f and f* are Gateaux differentiable and strictly
convex in the interior of their respective domains. When
the Banach space E is smooth and strictly convex, in par-
ticular, a Hilbert space, the function ð1
p
Þjj:jjp with p 2
ð1;1Þ is Legendre (cf. [3], Lemma 6.2, page 639). For
examples and more information regarding Legendre func-
tions, see, for instance, [3, 4].
Definition 2.1 The bifunction Df : dom f  int dom f
! ½0;þ1Þ; which is defined by
Df ðy; xÞ :¼ f ðyÞ  f ðxÞ  hrf ðxÞ; y xi; ð8Þ
is called the Bregman distance (cf. [11, 15]).
The Bregman distance does not satisfy the well-known
properties of a metric, but it does have the following
important property, which is called the three point identity:
for any x 2 dom f and y; z 2 int dom f ;
Df ðx; yÞ þ Df ðy; zÞ  Df ðx; zÞ ¼ hrf ðzÞ  rf ðyÞ; x yi:
ð9Þ
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According to [13], Section 1.2, page 17 (see also [14]), the
modulus of total convexity of f is the bifunction tf :
int dom f  ½0;þ1Þ ! ½0;þ1	 which is defined by
tf ðx; tÞ :¼ inffDf ðy; xÞ : y 2 dom f ; jjy xjj ¼ tg:
The function f is said to be totally convex at a point x 2
int dom f if tf (x, t) [ 0 whenever t [ 0. The function f is
said to be totally convex when it is totally convex at every
point x 2 int dom f : This property is less stringent than
uniform convexity (see [13], Section 2.3, page 92).
Examples of totally convex functions can be found, for
instance, in [10, 12, 13]. We remark in passing that f is totally
convex on bounded subsets if and only if f is uniformly
convex on bounded subsets (see [12], Theorem 2.10, page 9).
The Bregman projection (cf. [11]) with respect to f of
x 2 int dom f onto a nonempty, closed and convex set
C  int dom f is defined as the necessarily unique vector
proj
f
CðxÞ 2 C; which satisfies
Df ðprojfCðxÞ; xÞ ¼ inffDf ðy; xÞ : y 2 Cg: ð10Þ
Similarly to the metric projection in Hilbert spaces, the
Bregman projection with respect to totally convex and
Gaˆteaux differentiable functions has a variational charac-
terization (cf. [12], Corollary 4.4, page 23).
Proposition 2.2 (Characterization of Bregman Projec-
tions). Suppose that f : E ! ð1;þ1	 is totally convex
and Gaˆteaux differentiable in int dom f. Let x 2 int domf
and let C  int domf be a nonempty, closed and convex
set. If x^ 2 C; then the following conditions are equivalent.
1. The vector x^ is the Bregman projection of x onto C
with respect to f.
2. The vector x^ is the unique solution of the variational
inequality
hrf ðxÞ  rf ðzÞ; z yi 0 8y 2 C:
3. The vector x^ is the unique solution of the inequality
Df ðy; zÞ þ Df ðz; xÞDf ðy; xÞ8y 2 C:
Recall that the function f is said to be sequentially
consistent [5] if, for any two sequences {xn} and {yn} in
E such that the first is bounded,
lim
n!1Df ðxn; ynÞ ¼ 0, limn!1jjxn  ynjj ¼ 0: ð11Þ
Let C be a nonempty, closed and convex subset of E and
g : C  C ! R a bifunction that satisfies the following
conditions:
A1. g(x,x) = 0 for all x 2 C;
A2. g is monotone, i.e., g(x, y) ? g(y, x) B 0 for all
x; y;2 C;
A3. for each x; y 2 C; lim
t!0
gðtzþ ð1 tÞx; yÞ gðx; yÞ;
A4. for each x 2 C; y 7!gðx; yÞ is convex and lower
semicontinuous.
The resolvent of a bifunction g : C  C ! R [19] is the
operator Resfg : E! 2C denoted by
ResfgðxÞ ¼ fz 2 C : gðz; yÞ þ hrf ðzÞ  rf ðxÞ; y zi 0
8y 2 Cg: ð12Þ
For any x 2 E; there exists z 2 C such that z = ResCf (x);
see [36].
Let C be a convex subset of int domf and let T be a self-
mapping of C. A point p 2 C is said to be an asymptotic
fixed point of T if C contains a sequence fxng1n¼0 which
converges weakly to p and lim
n!1 jjxn  Txnjj ¼ 0: The set of
asymptotic fixed points of T is denoted by bFðTÞ:
Recalling that the Bregman distance is not symmetric,
we define the following operators.
Definition 2.3 A mapping T with a nonempty asymptotic
fixed point set is said to be:
1. left Bregman strongly nonexpansive (see [5, 6]) with
respect to a nonempty bFðTÞ if
Df ðp; TxÞDf ðp; xÞ; 8x 2 C; p 2 bFðTÞ
and if whenever fxng  C is bounded, p 2 bFðTÞ and
lim
n!1ðDf ðp; xnÞ  Df ðp; TxnÞÞ ¼ 0;
it follows that
lim
n!1Df ðTxn; xnÞ ¼ 0:
According to Martin-Marquez et al. [23], a left Bregman
strongly nonexpansive mapping T with respect to a non-
empty bFðTÞ is called strictly left Bregman strongly non-
expansive mapping.
2. An operator T : C ! int dom f is said to be: left
Bregman firmly nonexpansive (L-BFNE) if
hrf ðTxÞ  rf ðTyÞ; Tx Tyi hrf ðxÞ  rf ðyÞ; Tx Tyi
for any x; y 2 C; or equivalently,
Df ðTx; TyÞ þ Df ðTy; TxÞ þ Df ðTx; xÞ
þ Df ðTy; yÞDf ðTx; yÞ þ Df ðTy; xÞ:
See [5, 10, 33] for more information and examples of L-BFNE
operators (operators in this class are also called Df -firm and
BFNE). For two recent studies of the existence and
approximation of fixed points of left Bregman firmly
nonexpansive operators, see [24, 33]. It is also known that if
T is left Bregman firmly nonexpansive and f is Legendre
function which is bounded, uniformly Fre´chet differentiable
and totally convex on bounded subsets of E, then FðTÞ ¼
bFðTÞ and F(T) is closed and convex (see [33]). It also follows
that every left Bregman firmly nonexpansive mapping is left
Bregman strongly nonexpansive with respect to FðTÞ ¼ bFðTÞ:
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Martin-Marquez et al. [23] called the Bregman projec-
tion defined in (10) and chracterized by Proposition 2.2
above as the left Bregman projection and they denoted the
left Bregman projection by Proj
 f
C:
Let f : E! R be a convex, Legendre and Gaˆteaux
differentiable function. Following [1] and [15], we make
use of the function Vf : E  E ! ½0;þ1Þ associated with
f, which is defined by
Vf ðx; xÞ ¼ f ðxÞ  hx; xi þ f ðxÞ; 8x 2 E; x 2 E:
Then Vf is nonnegative and Vf(x, x
*) = Df(x, rf*(x*)) for
all x 2 E and x 2 E: Moreover, by the subdifferential
inequality,
Vf ðx; xÞ þ hy;rf ðxÞ  xiVf ðx; x þ yÞ ð13Þ
for all x 2 E and x; y 2 E (see also [20], Lemmas 3.2
and 3.3). In addition, if f : E ! ð1;þ1	 is a proper
lower semi-continuous function, then f  : E !
ð1;þ1	 is a proper weak* lower semi-continuous and
convex function (see [28]). Hence Vf is convex in the











tiDf ðz; xiÞ; ð14Þ
where fxigNi¼1  E and ftigNi¼1  ð0; 1Þ with
PN
i¼1 ti ¼ 1:
Finally, we state some lemmas that will be used in the
proof of main results in next section.
Lemma 2.4 (Reich and Sabach [34]) If f : E! R is
uniformly Fre´chet differentiable and bounded on bounded
subsets of E, then rf is uniformly continuous on bounded
subsets of E from the strong topology of E to the strong
topology of E*.
Lemma 2.5 (Butnariu and Iusem [13]) The function f is
totally convex on bounded sets if and only if it is sequen-
tially consistent.
Lemma 2.6 (Reich and Sabach [35]) Let f : E! R be a
Gaˆteaux differentiable and totally convex function. If x0 2
E and the sequence fDf ðxn; x0g1n¼1 is bounded, then the
sequence fxng1n¼1 is also bounded.
Lemma 2.7 (Reich and Sabach [36]) Let f : E !
ð1;þ1Þ be a coercive Legendre function. Let C be a
closed and convex subset of E. If the bifunction




f is a Bregman firmly nonexpansive mapping;
3. F(Resg
f ) = EP(g);
4. EP(g) is a closed and convex subset of C;
5. for all x 2 E and q 2 FðResfgÞ;
Df ðq;ResfgðxÞÞ þ Df ðResfgðxÞ; xÞDf ðq; xÞ:
Lemma 2.8 (Xu [45]) Let {an} be a sequence of
nonnegative real numbers satisfying the following relation:
anþ1ð1 anÞan þ anrn þ cn; n 0;
where, ð1Þ fang  ½0; 1	;
P
an ¼ 1; ð2Þ lim sup rn 0;
(3) cn C 0; (n C 0),
P
cn \?. Then, an? 0 as n? ?.
Lemma 2.9 (Mainge [22]) Let {an} be a sequence of real
numbers such that there exists a subsequence {ni} of {n}
such that ani \ ani ? 1 for all i 2 N: Then there exists a
nondecreasing sequence fmkg  N such that mk? ? and
the following properties are satisfied by all (sufficiently
large) numbers k 2 N :
amk  amkþ1 and ak amkþ1:
In fact, mk = max {j B k : aj \ aj?1}.
Lemma 2.10 (Suantai et al. [40]) Let E be a reflexive
real Banach space. Let C be a nonempty, closed and
convex subset of E. Let f : E! R be a Gaˆteaux differen-
tiable and totally convex function. Suppose T is a left
Bregman strongly nonexpansive mappings of C into E such
that FðTÞ ¼ bFðTÞ 6¼ ;: If fxng1n¼0 is a bounded sequence
such that xn  Txn ! 0 and z :¼ PfXðuÞ; then
lim sup
n!1
hxn  z;rf ðuÞ  rf ðzÞi 0:
Main results
We first prove the following lemma.
Lemma 3.1 Let E be a reflexive real Banach space and
C a nonempty, closed and convex subset of E. For each
k = 1, 2, ..., N, let gk be a bifunction from C 9 C satisfy-
ing (A1) - (A4). Let f : E ! R a strongly coercive
Legendre function which is bounded, uniformly Fre´chet
differentiable and totally convex on bounded subsets of
E. Let T be a left Bregman strongly nonexpansive mapping
of C into E such that FðTÞ ¼ bFðTÞ and X :¼ FðTÞ \
ð\Nk¼1EPðgkÞÞ 6¼ ;: Let {an} and {bn} be sequences in (0,1).
Suppose fxng1n¼1 is iteratively generated by u; u1 2 E;
xn ¼ ResfgN ResfgN1 . . .Resfg2 Resfg1 un;
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Then, fxng1n¼0 is bounded.
Proof Let x 2 X: By taking hfk ¼ Resfgk Resfgk1
. . .Resfg2 Res
f
g1
; k ¼ 1; 2; :::;N and h0f = I, we obtain
xn = hN
f un. Using the fact that ResC
f , k = 1, 2, ..., N is a
strictly left quasi-Bregman nonexpansive mapping, we
obtain from (15) that
Df ðx; xnþ1Þ ¼Df ðx; hfNunþ1ÞDf ðx; unþ1Þ
¼Df ðx;rf ðanrf ðuÞ þ bnð1 anÞrf ðxnÞ
þ ð1 anÞð1 bnÞrf ðTxnÞÞ
 anDf ðx; uÞ þ bnð1 anÞDf ðx; xnÞ
þ ð1 anÞð1 bnÞDf ðx;TxnÞ
 anDf ðx; uÞ þ bnð1 anÞDf ðx; xnÞ
þ ð1 anÞð1 bnÞDf ðx; xnÞ
¼anDf ðx; uÞ þ ð1 anÞDf ðx; xnÞ
 maxfDf ðx; uÞ;Df ðx; xnÞg
..
.
 maxfDf ðx; uÞ;Df ðx; x1Þg:
ð16Þ
Hence, fDf ðx; xnÞg1n¼1 is bounded. We next show that the
sequence {xn} is also bounded. Since fDf ðx; xnÞg1n¼1 is
bounded, there exists M [ 0 such that
f ðxÞ  hrf ðxnÞ; xi þ f ðrf ðxnÞÞ ¼ Vf ðx;rf ðxnÞÞ
¼ Df ðx; xnÞM:
Hence, {rf(xn)} is contained in the sublevel set lev Bw
(M - f(x*)), where w ¼ f   h:; xi: Since f is lower
semicontinuous, f* is weak* lower semicontinuous. Hence,
the function w is coercive by Moreau–Rockafellar Theo-
rem (see [38], Theorem 7A and [25]). This shows that
{rf(xn)} is bounded. Since f is strongly accretive, f* is
bounded on bounded sets (see [46], Lemma 3.6.1 and [3],
Theorem 3.3). Hence rf* is also bounded on bounded
subsets of E. (see [13], Proposition 1.1.11). Since f is a
Legendre function, it follows that xn = rf*(rf(xn)) is
bounded for all n C 0. Therefore {xn} is bounded. So is
{rf(Txn)}. Indeed, since f is bounded on bounded subsets
of E, rf is also bounded on bounded subsets of E (see [13],
Proposition 1.1.11). Therefore {rf(Txn)} is bounded.
Now, following the method of proof in Suantai et al.
[40], Zhu and Chang [49] and Mainge [22], we prove the
following main theorem.
Theorem 3.2 Let E be a reflexive real Banach space. Let
C be a nonempty, closed and convex subset of E. For each
j = 1, 2, ..., N, let gj be a bifunction from C 9 C satisfying
(A1) - (A4). Let f : E ! R a strongly coercive Legendre
function which is bounded, uniformly Fre´chet differentia-
ble and totally convex on bounded subsets of E. Let T be a
left Bregman strongly nonexpansive mapping of C into
E such that FðTÞ ¼ bFðTÞ and X :¼ FðTÞ \ ð\Nj¼1EPðgjÞÞ 6
¼ ;: Let {an} and {bn} be sequences in (0,1). Suppose
fxng1n¼1 is iteratively generated by (15) with the conditions
1. lim










X is the left Bregman projection of E onto X:
Proof Let zn: = rf*(anrf(u) ? bn(1 - an)rf(xn) ?
(1 - an)(1 - bn)rf(Txn)), n C 1. Furthermore,
Df ðx; xnþ1ÞDf ðx; unþ1Þ
¼Vf ðx; anrf ðuÞ þ bnð1 anÞrf ðxnÞ
þ ð1 anÞð1 bnÞrf ðTxnÞÞ
Vf ðx; anrf ðuÞ þ bnð1 anÞrf ðxnÞ
þ ð1 anÞð1 bnÞrf ðTxnÞ  anðrf ðuÞ
 rf ðxÞÞ
 2hrf ðanrf ðuÞ þ bnð1 anÞrf ðxnÞ
þ ð1 anÞð1 bnÞrf ðTxnÞÞ  x;
 anðrf ðuÞ  rf ðxÞÞi
¼Vf ðx; anrf ðxÞ þ bnð1 anÞrf ðxnÞ
þ ð1 anÞð1 bnÞrf ðTxnÞÞ
þ 2anhzn  x;rf ðuÞ  rf ðxÞi
¼Df ðx;rf ðrf ðxÞ þ bnð1 anÞrf ðxnÞ
þ ð1 anÞð1 bnÞrf ðTxnÞÞ
þ 2anhzn  x;rf ðuÞ  rf ðxÞi
 anDf ðx; xÞ þ bnð1 anÞDf ðx; xnÞ
þ ð1 anÞð1 bnÞDf ðx; TxnÞ
þ 2anhzn  x;rf ðuÞ  rf ðxÞi
 ð1 anÞDf ðx; xnÞ þ 2anhzn  x;rf ðuÞ
 rf ðxÞi:
ð17Þ
The rest of the proof will be divided into two parts.
Case 1 Suppose that there exists n0 2 N such that
fDf ðx; xnÞg1n¼n0 is nonincreasing. Then fDf ðx; xnÞg
1
n¼0
converges and Df ðx; xnþ1Þ  Df ðx; xnÞ ! 0; n!1:
Observe that
Df ðx; xnþ1ÞDf ðx; unþ1Þ anDf ðx; uÞ þ ð1
 anÞDf ðx; xnÞ:
It then follows that
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Df ðx; xnÞ  Df ðx; TxnÞ ¼Df ðx; xnÞ  Df ðx; xnþ1Þ
þ Df ðx; xnþ1Þ  Df ðx; TxnÞ
Df ðx; xnÞ  Df ðx; xnþ1Þ
þ anðDf ðx; uÞ  Df ðx; TxnÞÞ
! 0; n!1: ð18Þ
It then follows that
lim
n!1Df ðTxn; xnÞ ¼ 0
Since {xn} is bounded, there exists a subsequence {xn_j} of
{xn} that converges weakly to p. Since FðTÞ ¼ bFðTÞ; we
have p 2 FðTÞ:
Next, we show that p 2 \Nk¼1EPðgkÞ: Now, using the fact
that ResC
f , k = 1, 2, ..., N is a strictly left quasi-Bregman
nonexpansive mapping, we obtain




Df ðx; hfN1unÞ . . .Df ðx; unÞ:
ð19Þ
Since x 2 EPðgNÞ ¼ FðResfgN Þ; it follows from Lemma
2.7, (19) and (17) that





Df ðx; hfN1unÞ  Df ðx; xnÞ
Df ðx; unÞ  Df ðx; xnÞ
 an1M1 þ Df ðx; xn1Þ
 Df ðx; xnÞ ! 0; n!1;






N1unÞ ¼ limn!1Df ðxn; h
f
N1unÞ ¼ 0: From




Nun  hfN1unjj ¼ limn!1jjxn  h
f
N1unjj ¼ 0: ð20Þ
Since f is uniformly Fre´chet differentiable, it follows from




NunÞ  rf ðhfN1unÞjj ¼ 0: ð21Þ
Again, since x 2 EPðgN1Þ ¼ FðResfgN1Þ; it follows
from (19) and Lemma 2.7 that





Df ðx; hfN2unÞ  Df ðx; hfN1unÞ
Df ðx; unÞ  Df ðx; xnÞ
 an1M1 þ Df ðx; xn1Þ  Df ðx; xnÞ
! 0; n!1:





N2unÞ ¼ 0: From









N1unÞ  rf ðhfN2unÞjj ¼ 0: ð23Þ




N2un  hfN3unjj ¼    ¼ limn!1jjh
f
1un  unjj ¼ 0:
ð24Þ




kun  hfk1unjj ¼ 0; k ¼ 1; 2; :::;N ð25Þ
and
lim
n!1jjxn  unjj ¼ 0:
Now, since xnj * p and lim
n!1 jjxn  unjj ¼ 0; we obtain that
unj * p: Again, from (20), (22), (24) and unj * p; n!
1; we have that hfkun * p; j!1; for each




kunÞ  rf ðhfk1unÞjj ¼ 0; k ¼ 1; 2; :::;N:
ð26Þ
By Lemma 2.7, we have that for each k = 1, 2, ..., N
gkðhfkunj ; yÞ þ hy hfkunj ;rf ðhfkunjÞ  rf ðhfk1unjÞi 0;
8y 2 C:
Furthermore, using (A2) we obtain
hy hfkunj ;rf ðhfkunjÞ  rf ðhfk1unjÞi gkðy; hfkunjÞ: ð27Þ
By (A4), (3.12) and hfkunj * p; we have for each
k = 1, 2, ..., N
gkðy; pÞ 0; 8y 2 C:
For fixed y 2 C; let zt,y: = ty ? (1 - t)p for all t 2 ð0; 1Þ:
This implies that zt 2 C: This yields that gk(zt,p) B 0. It
follows from (A1) and (A4) that




From condition (A3), we obtain
gkðp; yÞ 0; 8y 2 C:
This implies that p 2 EPðgkÞ; k ¼ 1; 2; :::;N: Thus, p 2
\Nk¼1EPðgkÞ: Hence, we have p 2 X ¼ FðTÞ\
ð\Nk¼1EPðgkÞÞ:
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Let yn :¼ rf 

bnð1anÞ






Df ðyn; xnÞ bnð1 anÞ
1 an Df ðxn; xnÞ þ
ð1 anÞð1 bnÞ
1 an
Df ðTxn; xnÞ ! 0; n!1: ð28Þ
By Lemma 2.5, it follows that jjxn  ynjj ! 0; n!1:
Furthermore,
Df ðyn; znÞ ¼Df ðyn;rf ðanrf ðuÞ þ ð1 anÞrf ðynÞÞ
 anDf ðyn; uÞ þ ð1 anÞDf ðyn; ynÞ
¼anDf ðyn; uÞ ! 0; n!1:
ð29Þ
Again, by Lemma 2.5, it follows that jjyn  znjj !
0; n!1: Then
jjxn  znjj  jjyn  znjj þ jjxn  ynjj ! 0; n!1: ð30Þ
Let z :¼ Proj fXu: We next show that lim sup
n!1
hyn 
z;rf ðuÞ  rf ðzÞi 0: To show the inequality lim sup
n!1
hyn  z;rf ðuÞ  rf ðzÞi 0; we choose a subsequence
{xnj} of {xn} such that
lim sup
n!1
hxn  z;rf ðuÞ  rf ðzÞi
¼ lim
j!1
hxnj  z;rf ðuÞ  rf ðzÞi:
By jjxn  znjj ! 0; n!1 and Lemma 2.10, we obtain
lim sup
n!1
hzn  z;rf ðuÞ  rf ðzÞi
¼ lim sup
n!1
hxn  z;rf ðuÞ  rf ðzÞi 0: ð31Þ
Now, using (31), (17) and Lemma 2.8, we obtain
Df ðz; xnÞ ! 0; n!1: Hence, by Lemma 2.5 we have
that xn ! z; n!1:
Case 2 Suppose there exists a subsequence {ni} of {n}
such that
Df ðx; xniÞ\Df ðx; xniþ1Þ
for all i 2 N: Then by Lemma 2.9, there exists a
nondecreasing sequence fmkg  N such that mk !1;
Df ðx; xmkÞDf ðx; xmkþ1Þ and
Df ðx; xkÞDf ðx; xmkþ1Þ
for all k 2 N: Furthermore, we obtain
Df ðx; xmkÞ  Df ðx; TxmkÞ ¼Df ðx; xmkÞ  Df ðx; xmkþ1Þ
þ Df ðx; xmkþ1Þ  Df ðx; TxmkÞ
Df ðx; xmkÞ  Df ðx; xmkþ1Þ
þ anðDf ðx; uÞ  Df ðx; xmkÞÞ
! 0; k!1:
It then follows that
lim
k!1
Df ðTxmk ; xmkÞ ¼ 0:
By the same arguments as in Case 1, we obtain that
lim sup
k!1
hymk  z;rf ðuÞ  rf ðzÞi 0: ð32Þ
and
Df ðz; xmkþ1Þ ð1 amkÞDf ðz; xmkÞ þ 2amkhrf ðuÞ
 rf ðz; ymk  xi: ð33Þ
Since Df(z, xm_k) B Df(z, xm_k?1), we have
amk Df ðz; xmkÞDf ðz; xmkÞ  Df ðz; xmkþ1Þ þ 2amkhymk
 z;rf ðuÞ  rf ðzÞi 2amkhymk  z;rf ðuÞ  rf ðzÞi:
In particular, since amk [ 0, we get
Df ðz; xmkÞ 2hymk  z;rf ðuÞ  rf ðzÞi: ð34Þ
It then follows from (32) that Df ðz; xmkÞ ! 0; k!1:
From (34) and (33), we have
Df ðz; xmkþ1Þ ! 0; k!1:
Since Df(z, xk) B Df(z, xmk?1) for all k 2 N; we conclude
that xk ! z; k!1: This implies that xn ! z; n!1
which completes the proof.
Corollary 3.3 Let E be a reflexive real Banach space.
Let C be a nonempty, closed and convex subset of
E. For each j = 1, 2, ..., N, let gj be a bifunction from
C 9 C satisfying (A1) - (A4). Let f : E! R a strongly
coercive Legendre function which is bounded, uniformly
Fre´chet differentiable and totally convex on bounded
subsets of E. Let T be a left quasi-Bregman firmly
nonexpansive mapping of C into E and X :¼ FðTÞ \
ð\Nj¼1EPðgjÞÞ 6¼ ;: Let {an} and {bn} be sequences in
(0,1). Suppose fxng1n¼1 is iteratively generated by (15)
with the conditions
1. lim










X is the left Bregman projection of E onto X:
Remark 3.4 Our Theorem 3.2 complements the results of
Zhu and Chang [49] in the sense that it can be applied to
the approximation of common solution of finite system of
equilibrium problems and which is also a fixed point of left
Bregman strongly nonexpansive mapping in a reflexive
Banach space.
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Convergence results concerning family of mappings
In this section, we present strong convergence theorems
concerning approximation of common solution to a
finite system of equilibrium problems which is also a
common fixed point of a family of left Bregman
strongly nonexpansive mappings in reflexive real
Banach space.
Let C be a subset of a real Banach space E, f : E! R a
convex and Gaˆteaux differentiable function and fTng1n¼1 a
sequence of mappings of C such that \1n¼1FðTnÞ 6¼ ;: Then
fTng1n¼1 is said to satisfy the AKTT condition [2] if, for any
bounded subset B of C,
X1
n¼1
supfjjrf ðTnþ1zÞ  rf ðTnzÞjj : z 2 Bg\1:
The following proposition is given in the results of Suantai
et al. [40].
Proposition 4.1 Let C be a nonempty, closed and convex
subset of a real reflexive Banach space E. Let f : E! R be
a Legendre and Fre´chet differentiable function. Let
fTng1n¼1 be a sequence of mappings from C into E such that
\1n¼1FðTnÞ 6¼ ;: Suppose that fTng1n¼1 satisfies the AKTT
condition. Then there exists the mapping T : B! E such
that
Tx ¼ lim
n!1Tnx; 8x 2 B ð35Þ
and lim
n!1 supz2B jjrf ðTzÞ  rf ðTnzÞjj ¼ 0:
In the sequel, we say that ({Tn}, T) satisfies the AKTT
condition if fTng1n¼1 satisfies the AKTT condition and T is
defined by (35) with \1n¼1FðTnÞ ¼ FðTÞ:
By following the method of proof of Theorem 3.2,
method of proof Theorem 4.2 of Suantai et al. [40] and
Proposition 4.1, we prove the following theorem.
Theorem 4.2 Let E be a reflexive real Banach space. Let
C be a nonempty, closed and convex subset of E. For each
j = 1, 2, ..., N, let Gj be a bifunction from C 9 C satisfy-
ing (A1) - (A4). Let f : E ! R a strongly coercive
Legendre function which is bounded, uniformly Fre´chet
differentiable and totally convex on bounded subsets of
E. Let fTng1n¼1 be a sequence of left Bregman strongly
nonexpansive mappings on C such that FðTnÞ ¼ bFðTnÞ for
all n C 0 and X :¼ ð\1n¼1FðTnÞÞ \ ð\Nj¼1EPðgjÞÞ 6¼ ;: Let
{an} and {bn} be sequences in (0,1). Suppose fxng1n¼0 is
iteratively generated by by u; u0 2 E;
xn ¼ ResfgN ResfgN1 . . .Resfg2 Resfg1 un;
unþ1 ¼ rf ðanrf ðuÞ þ ð1 anÞðbnrf ðxnÞ













If ({Tn}, T) satisfies the AKTT condition, then fxng1n¼1




X is the left
Bregman projection of E onto X:
Next, using the idea in [32], we consider the mapping
T : C ! C defined by T = Tm Tm-1...T1, where Tiði ¼
1; 2; . . .;mÞ are left Bregman strongly nonexpansive map-
pings on E. Using Theorem 3.2 and Theorem 4.3 of Suantai
et al. [40], we proof the following theorem.
Theorem 4.3 Let E be a reflexive real Banach space. Let
C be a nonempty, closed and convex subset of E. For each
j = 1, 2, ..., N, let gj be a bifunction from C 9 C satisfying
(A1) - (A4). Let f : E ! R a strongly coercive Legendre
function which is bounded, uniformly Fre´chet differentia-
ble and totally convex on bounded subsets of E. Let Tiði ¼
1; 2; . . .;mÞ be a sequence of left Bregman strongly non-
expansive mappings on C such that FðTiÞ ¼ bFðTiÞ for all
n C 0 and X :¼ ð\mi¼1FðTiÞÞ \ ð\Nj¼1EPðgjÞÞ 6¼ ;: Let {an}
and {bn} be sequences in (0,1). Suppose fxng1n¼0 is itera-
tively generated by by u; u0 2 E;
xn ¼ ResfgN ResfgN1 . . .Resfg2 Resfg1 un;
unþ1 ¼ rf ðanrf ðuÞ þ ð1 anÞðbnrf ðxnÞ


















Xis the left Bregman projection of E onto X:
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